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Topological superconductors are exotic gapped phases of matter hosting Majorana mid-gap states on their
boundary. In conventional topological superconductors, Majorana in-gap states appear in the form of either
localized zero-dimensional modes or propagating spin-1/2 fermions with a quasi-relativistic dispersion relation.
Here we show that unconventional propagating Majorana states can emerge on the surface of three-dimensional
topological superconductors protected by rotational symmetry. The unconventional Majorana surface states fall
into three different categories: a spin-S Majorana fermion with (2S + 1)-fold degeneracy (S ≥ 3/2), a Majo-
rana Fermi line carrying two distinct topological charges, and a quartet of spin-1/2 Majorana fermions related by
fourfold rotational symmetry. The spectral properties of the first two kinds, which go beyond the conventional
spin-1/2 fermions, are unique to topological superconductors and have no counterpart in topological insulators.
We show that the unconventional Majorana surface states can be obtained in the superconducting phase of doped
Z2 topological insulators or Dirac semimetals with rotational symmetry.
Topological insulators (TIs) are exotic gapped phases of
matter hosting stable gapless fermions on their boundary [1].
One fascinating property of the boundary gapless states in TIs
is that they can get around the fermion number doubling the-
orem. In general, the fermion doubling theorem states that,
in periodic systems, a stable gapless fermion carrying quan-
tized topological charges always accompanies its partner with
opposite charges, so that the total number of stable gapless
fermions should be doubled [2, 3]. For example, the surface of
time-reversal-invariant (T -invariant) three-dimensional (3D)
TIs can host a single two-dimensional (2D) Dirac fermion
with twofold degeneracy at a time-reversal-invariant momen-
tum (TRIM) [4]. Since a single 2D massless Dirac fermion
carries a quantized pi Berry phase along any loop enclosing it,
a 2D periodic system cannot have a single Dirac point with
Kramers degeneracy in the Brillouin zone (BZ). However, on
the surface of T -symmetric 3D TIs, since the surface Dirac
cone can merge with the 3D bulk states, a pair of 2D mass-
less Dirac fermions can separately appear on the top and bot-
tom surfaces, respectively, so that each surface BZ can host
a single 2D Dirac fermion with twofold degeneracy and the
fermion doubling theorem can be avoided.
Recent progress in the study of topological crystalline in-
sulators (TCIs) [5–26] have shown that various new types of
stable gapless fermions protected by crystalline symmetries
can appear on their surfaces and evade the relevant fermion
doubling theorem enforced by the crystalline symmetries. For
instance, a TCI protected by mirror symmetry hosts gapless
Dirac fermions on mirror-invariant surfaces [6, 7]. In the case
of 3D systems with nonsymmorphic symmetries, a surface
with glide mirror symmetry can exhibit so-called hourglass
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fermions [8]. Moreover, when the 2D surface symmetry group
of nonsymmorphic systems has two intersecting glide lines, a
single 2D Dirac point with fourfold degeneracy can appear
at a TRIM at the edge of the BZ [9]. Also, it has been re-
cently shown that 3D TCIs with T and discrete n-fold rotation
Cn symmetries with n = 2, 4, 6 can have n flavors of mass-
less Dirac fermions with twofold degeneracy, whereas any 2D
spin-orbit coupled system having these two symmetries must
have a multiple of 2n Dirac cones, and thus the surface rota-
tion anomaly is realized in these systems [19].
Avoided fermion number multiplication with anomalous
surface states can be realized not only in TIs but also in topo-
logical superconductors (TSCs). TSCs are another type of
gapped phases of matter with exotic gapless surface fermions,
called Majorana fermions, which can be roughly described as
a half of an ordinary electron. TSCs whose topological prop-
erties are protected by crystalline symmetries are called topo-
logical crystalline superconductors (TCSCs). In the mean-
field description, superconductors are formally equivalent to
insulators with additional particle-hole (P ) symmetry. There-
fore, after properly incorporating P symmetry, the established
knowledge of TCIs may also be extended to TCSCs. Signif-
icant efforts have been made in this direction to classify bulk
topological phases [20–22], understand the bulk-boundary
correspondence for Majorana boundary states [23–37], and
uncover the relation between the pairing symmetry and the
bulk topology [38–44], though there are subtle issues regard-
ing the physical interpretation of the band topology of super-
conducting phases [43–46].
These preceding works have shown that P symmetry is
important for the protection of zero-dimensional (0D) Ma-
jorana zero modes in one-dimensional (1D) TSCs, and also
in some 2D and 3D TSCs called higher-order TSCs [23–
26, 40, 44]. However, in many 2D and 3D TSCs hosting
propagating Majorana boundary states, P symmetry is not
essential for their topological protection. For example, chi-
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FIG. 1. Majorana boundary states of rotation-protected topological superconductors. The top panel shows the symmetry of the pairing
function under Cn rotation. The middle shows the real-space geometry of the system. Here, the z-axis is the rotation axis. Red regions host
gapless Majorana fermions. In the case of odd-Cn pairing, gapless Majorana hinge states appear on the sides as well as gapless surface states
on the top and bottom surfaces. The emergence of Majorana hinge states can be understood from the pairing symmetry of the Cooper pairs,
which implies the existence of domain walls on the side surfaces where the pairing gap vanishes. The characteristic surface spectra on Cn-
invariant surfaces are shown on the bottom panel. Higher-spin Majorana fermions (HSMFs) appear as anomalous surface states for even-Cn
pairing. Spin-S Majorana fermions are characterized by (2S + 1)-fold degenerate Majorana zero modes at a Cn-invariant momentum and
linear dispersion relations away from it. Spectra for S = 3/2 and S = 7/2 are shown. For odd-C2 and odd-C6 pairing, a doubly charged
Majorana Fermi line (DCMFL) appears. The red arrow indicates the zero energy where the Majorana Fermi line exists. In the case of odd-C4
pairing, a quartet of Majorana fermions (QMF) appears similar to the surface states of rotation-protected topological crystalline insulators [19].
ral edge states in px + ipy superconductors [47] and hour-
glass fermions in nonsymmorphic superconductors [34, 35]
are similar to the boundary states of quantum anomalous Hall
insulators and those of nonsymmorphic TIs, respectively, ex-
cept that the spectral symmetry between positive and negative
energy states is lost in TIs. Instead, there are a few examples
of propagating Majorana boundary states which are protected
by chiral S symmetry, a combination of T and P symmetries,
including multiple helical Majorana surface states protected
by S symmetry [48, 49] and Mo¨bius fermions protected by S
and nonsymmorphic symmetries [18, 21, 32–35].
One common feature of the propagating Majorana surface
states, known up to now, is that they are described by gap-
less spin-1/2 fermions with a quasi-relativistic dispersion re-
lation, similar to the surface states of TIs or TCIs. However,
there is no reason that the surface states of TSCs or TCSCs
have to take the form of a spin-1/2 fermion with a quasi-
relativistic dispersion relation. Recent discoveries of novel
low-energy excitations in bulk semimetals or bulk nodes of
superconductors, such as spin-1 and spin-3/2 fermions [50–
53], nodal lines [54, 55] and nodal surfaces [56, 57], have
shown that novel fermionic excitations protected by crys-
talline symmetries can emerge in bulk crystals, although none
of them has been realized as anomalous surface states. On
the surface of TCSCs, the additional P symmetry combined
with crystalline symmetries may allow new types of Majorana
boundary fermions distinct from spin-1/2 fermions, which are
unique to TSCSs and unachievable in TCIs.
Here, we show that unconventional Majorana fermions
(MFs) can emerge on the surface of 3D TCSCs protected
by Cn and T symmetries. By analyzing all possible real-
izations of anomalous surface states, we show that rotation-
protected TSCs feature three types of anomalous Majorana
surface states, two of which have spectral properties with no
counterpart in TIs. The first type takes the form of higher-
spin Majorana fermions (HSMFs), which generalize the spin-
3/2 fermion in semimetals [50–53], when the superconduct-
ing pairing function is invariant under Cn (we call it even-Cn
pairing) [see Fig. 1(a,b)]. Since higher-spin states cannot be
realized on the boundary of TIs with any wallpaper symmetry
group [9], they are unique to TSCs. Furthermore, our HSMF
cannot exist in the bulk of isolated 2D nodal superconduc-
tors because their protection requires anomalous Cn symme-
try representation. On the other hand, when the pairing func-
tion changes sign under Cn=2,6 (we call it odd-Cn=2,6 pair-
ing), a doubly charged Majorana Fermi line (DCMFL), carry-
ing both 0D and 1D topological charges, appears [Fig. 1(c,d)].
While the 0D topological charge indicates the local stability of
the DCMFL, the 1D topological charge guarantees its global
stability [57], so that the presence of a single DCMFL defi-
nitely violates the fermion doubling theorem. Finally, when
the pairing function changes its sign under C4 (odd-C4 pair-
ing), a quartet of Majorana fermions (QMF) with twofold
degeneracy appears on a C4 invariant surface. Since a peri-
odic 2D spin-orbit coupled system with C4 and T symmetries
can host only a multiple of eight MFs with twofold degener-
3acy, the QMF also avoids the fermion multiplication theorem,
which corresponds to the superconducting analog of the C4
rotation anomaly proposed recently in TCIs with Cn and T
symmetries [19]. We show that all three types of anomalous
surface states can appear when superconductivity emerges in
doped Z2 TIs or Dirac semimetals with T andCn symmetries.
A. Results
Formalism.– The mean-field Hamiltonian for supercon-
ductors in the Bogoliubov-de Gennes (BdG) formalism is
Hˆ =
1
2
∑
k
Ψˆ†kHBdG(k)Ψˆk,
HBdG(k) =
(
h(k) ∆(k)
∆†(k) −(UT )tht(−k)U∗T
)
, (1)
where Ψˆ ≡ (cˆk, Tˆ cˆ†kTˆ−1)t = (cˆk, cˆ†−kUT )t is the Nambu
spinor in which cˆk/cˆ
†
k are electron annihilation/creation op-
erators, and UT is the unitary part of time reversal operator
T = UTK with complex conjugation operator K. The su-
perscript t denotes the matrix transpose operation. We use
calligraphic (italic) symbols to indicate the symmetry opera-
tor of the normal state Hamiltonian (BdG Hamiltonian). h(k)
is the normal state Hamiltonian, and the superconducting pair-
ing function ∆(k) satisfies ∆(k) = −UT∆t(−k)U∗T due to
the Fermi statistics. This BdG Hamiltonian has particle-hole
P symmetry PHBdG(k)P−1 = −HBdG(−k) where
P =
(
0 UT
(UT )
t 0
)
K, (2)
which satisfies P 2 = 1 (see Methods for a realization of P 2 =
−1 in spin-SU(2)-symmetric systems).
Let us assume that the normal state has Cn symmetry
about the z-axis, so that Cnh(k)C−1n = h(Rnk), where
Rnk indicates the momentum after Cn rotation of k. We
assume CnT = T Cn, which is valid in all physical sys-
tems we consider. When ∆(k) is an eigenfunction of Cn,
i.e., Cn∆(k)C−1n = λ∆(Rnk), HBdG is symmetric under
Cn ≡ diag[Cn, λCn] which satisfies CnP = λPCn. Namely,
CnHBdG(k)C
−1
n = HBdG(Rnk).
Now we suppose that the normal state has time reversal T
symmetry (UT )tht(−k)U∗T = h(k). When the superconduct-
ing pairing is time-reversal-symmetric, i.e., T ∆(k)T −1 =
∆(−k), the BdG Hamiltonian is symmetric under T =
diag(T , T ). The consistency with Cn invariance requires
λ = λ∗ for T -preserving pairing, because Cn∆(k)C−1n =
CnT −1∆(−k)T C−1n = λ∗T −1∆(−Rnk)T = λ∗∆(Rnk).
Accordingly, CnP = ±PCn in T -symmetric superconduc-
tors, where the sign λ = +1 and −1 indicates even-Cn pair-
ing and odd-Cn pairing, respectively. For our analysis be-
low, it is convenient to define the chiral symmetry operator
S = isT+sP TP satisfying CnS = ±SCn and S2 = 1, where
T 2 = (−1)sT and P 2 = (−1)sP . The commutation relations
shown here are generally valid independent of basis choice.
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FIG. 2. Bulk topology and surface higher-spin Majorana
fermion. a. C2z-invariant lines in the 3D Brillouin zone, which are
located at (kx, ky) = (0, 0), (pi, 0), (0, pi), and (pi, pi), respectively.
b. The 1D winding number and chirality of edge states in a C2-
invariant line. When the winding numbers w± in the C2 eigensector
with eigenvalues ±i are nonzero, |w±|Majorana zero modes appear
at both edges. The sum of the chirality (the eigenvalue of the chiral
operator S) of the zero modes is +w± on one edge and −w± on the
other edge. c. Spin-3/2 fermion appearing at (kx, ky) = (0, 0) of a
C2-symmetric surface Brillouin zone. Its fourfold degeneracy orig-
inates from the nontrivial winding numbers w+ = −w− = ±2 of
the line at (kx, ky) = (0, 0).
Higher-spin Majorana fermions (HSMFs).— Let us first
consider the anomalous surface states of TSCs with even-Cn
pairing characterized by the relation CnP = PCn. For con-
venience, we focus on C2-symmetric spin-orbit coupled sys-
tems with T symmetry (C22 = T
2 = −1) while similar sur-
face states can also appear in other symmetry classes as long
as CnP = PCn is satisfied [see Supplementary Note (SN)].
The cases with even-C3,4,6 pairing are briefly discussed after
describing even-C2 pairing.
On a C2-invariant surface, the simplest form of surface
states is twofold degenerate MFs with a linear dispersion re-
lation protected by chiral symmetry S = iTP . More explic-
itly, when we take the representation S = σz and T = iσyK
with Pauli matrices σx,y,z , a Majorana surface state can be de-
scribed by the Hamiltonian Hs(kx, ky) = vxkxσx + vykyσy ,
which carries a winding numberw = sgn(vxvy) = ±1, where
w = (i/4pi)
∮
`
dk · Tr [SH−1s ∇kHs] defined along a loop `
surrounding the node at k = 0. The total winding number
of surface MFs protected by chiral symmetry gives an integer
classification represented by ZU(1), which is robust indepen-
dent of the presence of C2 symmetry.
To observe anomalous surface states that require C2 sym-
metry for their protection, let us consider a fourband surface
Hamiltonian describing two overlapping MFs with opposite
winding numbers: Hs(kx, ky) = kxσx + kyρzσy , which is
invariant under S = σz and T = iσyK. Then, possible
C2 representations commuting with S and T , and satisfying
(C2)
2 = −1 are C2 = −iρzσz and C2 = −iσz = −iS.
In the former case, a mass term mρyσy opens the gap on the
surface. On the other hand, in the latter case, no mass term is
allowed, and thus the gapless spectrum is protected. In fact,
the fourfold degeneracy at k = 0 is enforced by the represen-
tation C2 = ±iS because
Hs(k) = −SHs(k)S−1 = −C2Hs(k)C−12 = −Hs(−k),
(3)
so that Hs(k = 0) = 0. This kind of symmetry-enforced de-
generacy is possible only on the surface of a TSC because
4C2 = ±iS is an anomalous representation that mixes the
particle-hole indices, which is impossible in an ordinary C2
representation of the bulk states. If C2 symmetry is absent,
two zero-energy states with opposite chirality S = ±1 at
k = 0 can be hybridized and shifted away from zero en-
ergy, because only the total chirality of zero-energy states is
protected by chiral symmetry. In our case, however, two zero-
energy states with opposite chiralities have differentC2 eigen-
values, so they are not hybridized at k = 0.
The fourfold degenerate point disperses like spin-3/2
fermions [50–53] because the degeneracy is lifted away from
the C2-invariant momentum k = 0. In fact, the represen-
tation C2 = ±iS can generally protect 2n-fold degenerate
points with an arbitrary natural number n, which we call spin-
(2n − 1)/2 Majorana fermions (or generally HSMFs). Com-
bined with the total winding number, this integer-valued de-
generacy indicates a ZU(1)×ZHS classification of the surface
anomaly, which is consistent with the Z × Z classification of
the bulk topology from K-theory [20, 22, 58].
We can understand the corresponding 3D bulk topology of
HBdG using the 1D topology on C2-invariant lines [Fig. 2(a)],
as shown in Ref. [59]. From this, the origin of the anomalous
representation C2 = ±iS on the surface can be found. Let us
recall that, in 1D systems with a winding number w, w zero
modes with positive (negative) chirality appear on one (the
other) edge [60, 61] [see Fig. 2(b)]. On C2-invariant lines, the
winding numbers w± can be defined in two distinct sectors
with C2 eigenvalues ±i, respectively. When the total winding
number w = w+ + w− along the z-direction is nontrivial on
a C2-invariant line, any 1D line parallel to it takes the same w
value because w is protected by chiral symmetry that is mo-
mentum independent. In other words, w along the z-direction
describes the 1D topology of the system. Since we are inter-
ested in 3D topology, we consider the case withw++w− = 0,
which is automatically satisfied in our system due to time re-
versal symmetry [See SN]. In this case, w+ = −w− ∈ Z is
the remaining invariant on aC2-invariant line, which naturally
leads to the anomalous representation C2 = ±iS at its edge.
Namely, the edge zero modes with opposite C2 eigenvalues
have opposite chiralities. This guarantees the protection of
degeneracies at the C2-invariant momentum on top and bot-
tom surfaces, as shown in Fig. 2(c). Since the total winding
number is zero, the degeneracy at zero energy is lifted away
from the C2-invariant momentum.
Similarly, HSMFs in TSCs with even-Cn=3,4,6 pairing can
be protected by the 1D winding number defined in each Cn
eigensector. To explain the general ideas of the classification
of 1D lines [59], let us first suppose that we have only chi-
ral and Cn symmetries. Apart from the total winding num-
ber, which is irrelevant to the 3D topological phase, one can
find (n − 1) independent winding numbers associated with
Cn eigensectors. They give a Z
(n−1)
HS classification of Cn in-
variant TSCs with chiral symmetry. Additional time reversal
and particle-hole symmetries reduce the number of indepen-
dent winding numbers, leading to different classification [See
SN]. For example, for even-C3 pairing, one can find three
winding numbers w1, w2, and w3 associated with three C3
eigenvalues {λ1, λ2, λ3} = {epii/3, e3pii/3, e5pii/3} in spin-
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FIG. 3. Single Majorana Fermi line on a C2-invariant surface
of superconductors with odd-C2 pairing. Shaded regions indicate
the bulk energy spectrum of the BdG Hamiltonian in the supercon-
ducting state. Red and blue lines originate from the electron and
hole surface bands, respectively. The spectrum is shown along the
kx direction, but the spectrum looks alike along the ky direction. a.
Surface band structure around a DCMFL. A single DCMFL cannot
be annihilated due to the nontrivial 1D topological charge. b. Sur-
face band structure around a Majorana Fermi line with a trivial 1D
charge. This Majorana Fermi line can be annihilated via a continuous
deformation.
orbit coupled systems. After excluding the total winding num-
ber w = w1 + w2 + w3, we have two independent winding
numbers that give a Z2HS classification. Additional time rever-
sal symmetry leaves only one independent winding number,
leading to a ZHS classification. A similar consideration gives
a full classification of anomalous Majorana surface states with
even-Cn pairing, as summarized in Table I. We note that in
the case of odd-C4 and odd-C6 pairings, the pairing function
is also even in C2 and C3, respectively, so that 1D winding
numbers are expected to be well defined. However, one can
show that, in these cases, C4 and C6 symmetries make the
1D winding number in each Cn=4,6 eigensector be zero [see
Methods], and thus HSMFs are not allowed for odd-Cn pair-
ing.
Doubly charged Majorana Fermi lines (DCMFLs).—
Next we consider the case of odd-C2 pairing characterized
by C2S = −SC2 (from C2P = −PC2 and C2T = TC2),
which is incompatible with the representation C2 = ±iS.
In this case, the surface states are protected by C2T and
C2P symmetries, which do not change the surface momen-
tum k = (kx, ky). Again we first consider time-reversal-
symmetric systems with spin-orbit coupling (C22 = T
2 = −1)
and discuss other cases afterwards. It has been recently
shown that 2D systems with the k-local symmetries satisfying
(C2T )
2 = (C2P )
2 = 1 can host doubly charged nodal lines
carrying both 0D and 1D charges [57]. Due to the fermion
doubling theorem [2, 3] related to the nontrivial 1D charge,
doubly charged nodal lines always appear in pairs in 2D Bril-
louin zone. However, a C2 invariant surface of TSCs with
odd-C2 pairing can host an odd number of doubly charged
nodal lines, which manifests the C2 rotation anomaly on the
surface. We call this anomalous surface state a DCMFL.
One convenient way of understanding DCMFL is to con-
sider the superconducting instability of a Dirac fermion on
the surface of TIs [see Fig. 3(a)]. Let us suppose that a Dirac
fermion on a C2-invariant surface of a TI is described by
the Hamiltonian h = −µ + kxσx + kyσy invariant under
C2 = −iσz and T = iσyK. Then, there is a unique odd-C2
pairing function ∆(kx, ky) = [∆ · k + O(k3)]σz that gives
5the following surface BdG Hamiltonian
HBdG(kx, ky) = kxτzσx + kyτzσy + µτz + ∆ · kτxσz,
(4)
which is symmetric under C2 = −iτzσz , T = iσyK, and
P = τyσyK where τx,y,z are the Pauli matrices for particle-
hole indices. In contrast to the case of even-C2 pairing,
there is no anomalous C2 representation that mixes particle-
hole indices, compatible with T and P symmetries. Since
the pairing term commutes with k-linear terms, it does not
open a gap at zero energy. Instead, a DCMFL appears along
|k| = √µ2 + (∆0 · k)2. The corresponding band structure
depicted in Fig. 3 (a) shows its multi-band nature.
The stability of a DCMFL can be understood as follows. If
we choose a basis in which S = diag[1N×N ,−1N×N ] and
C2T = K where 1N×N denotes the N × N identity matrix,
the surface BdG Hamiltonian takes the following off-diagonal
form due to SHBdG(k) +HBdG(k)S = 0:
HBdG(k) =
(
0 O(k)
O†(k) 0
)
, (5)
where O(k) is real-valued because of C2T = K symmetry,
so that it can be continuously deformed to an element of the
orthogonal groupO(N) without closing the band gap. The 0D
and 1D topological charges of Majorana Fermi lines are given
by the zeroth and first homotopy classes of O(k), which are
pi0[O(N)] = pi1[O(N)] = Z2 when N ≥ 3 [37, 57]. Consid-
ering that O(k) corresponds to the normal-state Hamiltonian
h(k) when ∆ = 0, one can see that the topological charges
of the Majorana Fermi line (mod 2) originate from the corre-
sponding topological charges of the Fermi lines in the normal
state in the weak pairing case. While the 0D charge indicates
the local stability of a Majorana Fermi line, its global stabil-
ity is not guaranteed since continuous deformation can open a
gap, as shown in Fig 3(b). The global stability of a DCMFL
is guaranteed by its 1D topological charge, which originates
from the pi-Berry phase of the normal state Dirac fermion. We
note that a single DCMFL cannot be realized when T 2 = +1
because the normal state cannot host a single Dirac fermion
on the surface (see Methods).
When a DCMFL is realized by odd-Cn=2,6 pairing, it
accompanies gapless hinge states between side surfaces, as
shown in the middle panel of Fig. 1. Those hinge states can
be understood from the p-wavelike (for odd-C2 pairing) or f -
wavelike (for odd-C6 pairing) symmetry of the pairing func-
tion in real space: when the pairing function changes sign on
the side surfaces, there appear gapless hinge states as domain
wall states. See Methods for details. The appearance of hinge
states on the side surfaces and 2D gapless states on the top and
bottom surfaces is similar to the overall surface state struc-
tures of TCIs with surface rotation anomaly [19], although
the nature of gapless fermions on the top and bottom surfaces
is quite different.
Quartet of Majorana fermions (QMF).— In the case of
odd-C4 pairing, a quartet of MFs, each with twofold degener-
acy, appears on a C4 invariant surface, as in the case of TCIs
with C4 and T symmetries proposed recently [19]. To under-
stand the origin of the QMF, let us again consider the surface
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FIG. 4. A quartet of Majorana fermions (QMF) for odd-C4z
pairing. a. Energy spectrum of the BdG Hamiltonian in Eq. (6) with
µ = 0.5, ∆1 = 0, ∆2 = 0.5kx, ∆3 = −0.5ky on a C4z invariant
surface. b. Generic configuration of Majorana fermions in the sur-
face Brillouin zone. Red (blue) dots indicate Majorana fermions with
the winding number +1 (−1). The Berry phase calculated over the
closed trajectory connected by blue arrows characterizes the surface
anomaly. c. Four Majorana fermions merged at the Γ point. Their
global stability is guaranteed by the topological charge Q4 in Eq. (8)
defined along the circle (light blue) enclosing the Γ point.
Dirac cone of a T -invariant Z2 TI, which can be described by
the Hamiltonian h = −µ+ kxσx + kyσy . The corresponding
BdG Hamiltonian is
HBdG = −µτz + kxτzσx + kyτzσy + δH∆, (6)
where δH∆ describes superconducting pairing. Before δH∆
is introduced, HBdG is composed of two MFs with opposite
chiralities (defined with respect to S = τy) and has S = τy
and T = iσyK symmetries. There are two possible C4 rep-
resentations for odd-C4 pairing: C4z = iτxσze−i
pi
4 σz and
C4z = τze
−ipi4 σz . Here, the former representation is anoma-
lous because it mixes particle-hole indices, but we consider it
because surface states might develop an anomalous symmetry
representation as in the case of HSMFs. In either case, the
pairing term has the form
δH∆ = ∆1(k)τx + ∆2(k)τxσx + ∆3(k)τxσy, (7)
where ∆1τx term is a potential mass term that anticommutes
with the Dirac Hamiltonian τz ⊗h. The representation C4z =
iτxσze
−ipi4 σz allows a mass term ∆1 = m, thus giving triv-
ial surface states. On the other hand, C4z = τze−i
pi
4 σz for-
bids such a constant mass term because it requires that ∆1
has d-wave symmetry: ∆1(−k) = ∆1(k) and ∆1(R4k) =
−∆1(k). In this case, pairing terms split the fourfold degen-
eracy at k = 0 into four MFs with twofold degeneracy, as
shown in Fig. 4(a).
In contrast to the cases of HSMFs and DCMFLs, P symme-
try does not play a critical role for the protection of QMF since
a similar surface structure can appear in TCIs [19]. When C4
and T symmetries exist in an isolated 2D lattice system, the
total Berry phase of a quadrant of BZ should be zero (mod
2pi) [19]. Since a MF carries a pi Berry phase, each quadrant
of the BZ should have an even number of MFs so that the total
number of MFs should be a multiple of eight. Therefore, the
existence of QMF is anomalous and is achievable only on the
surface of topological phases [19].
It is worth noting that, while the presence of S symmetry
promotes the Z2-valued Berry phase of a twofold degenerate
MF to the integer-valued winding number, the global stabil-
ity of MFs still has a Z2 character. To understand this, let us
6AZ class (Cn)n T 2 P 2 S2 even-C2 even-C3 even-C4 even-C6 odd-Cn=2,6 odd-C4 complex-Cn
DIII −1 −1 1 1 ZU(1) × ZHS ZU(1) × ZHS ZU(1) × Z2HS ZU(1) × Z3HS (Z2)DC (Z2)Q 0
CI 1 1 −1 1 2ZU(1) 2ZU(1) × ZHS 2ZU(1) × ZHS 2ZU(1) × Z2HS 0 0 0
BDI 1 1 1 1 ZHS ZHS Z2HS Z
3
HS 0 0 0
C or D ±1 0 ±1 0 0 0 0 0 0 0 0
AIII ±1 0 0 1 ZU(1) × ZHS ZU(1) × Z2HS ZU(1) × Z3HS ZU(1) × Z5HS 0 0 0
TABLE I. Classification table for anomalous Majorana surface states in Cn-symmetric 3D superconductors. T , P , and S represent
time reversal, particle-hole, and chiral symmetries, respectively, used for Altland-Zirnbaur (AZ) symmetry classification. AZ classes DIII, CI,
and BDI are realized by superconducting pairing in spin-orbit coupled systems, spin-SU(2)-symmetric systems, and spin-polarized systems
without spin-orbit coupling, respectively. In spin-polarized systems, the rotation axis is parallel to the spin order. We assumeCnT = TCn and
define T and P such that TP = PT . Here, the superconducting pairing function is an eigenfunction ofCn: Cn∆(k)C−1n = λ∆(Rnk), where
Cn is the matrix representation of Cn for the Bloch state in the normal state, and Rn is the natural action of Cn on momentum. It corresponds
to the commutation relation CnP = λPCn. Even- and odd-Cn pairings correspond to λ = +1 and λ = −1, respectively, and complex-Cn
pairing indicates that λ is complex-valued. The subscript U(1) indicates that it is the 3D winding number of the Hamiltonian protected by
chiral S symmetry. The subscripts HS, DC, and Q indicate that they are responsible for the protection of higher-spin Majorana fermions
(HSMFs), doubly charged Majorana Fermi lines (DCMFLs), and a quartet of Majorana fermions (QMF), respectively, on the Cn-preserving
surfaces. When time reversal symmetry is broken, there is no 3D topological superconductor protected by Cn symmetry. In class AIII, even-,
odd-, and complex-Cn indicate the commutation relation CnS = λSCn instead of CnP = λPCn. Even-Cn TSCs in class AIII systems can
be realized in T -symmetric superconductors with spin-orbit coupling and the conservation of the spin z-component [62], where time reversal
acts like a chiral operator. Our classification is consistent with the classification of bulk topology in Refs. [20, 22, 58, 59] when there is overlap.
suppose that there are eight MFs on the surface BZ so that a
quadrant of the BZ has two MFs with the same chirality. Since
the operation of C4 changes the sign of the winding number
for odd-C4 pairing (See Methods), MFs in the adjacent quad-
rants should have an opposite sign of winding numbers. Then,
by continuously shifting the positions of MFs while keeping
T , S, and C4 symmetries, we can annihilate MFs pairwise at
the borders between neighboring quadrants of the BZ. On the
other hand, when the number of MFs on the surface is four,
such a pair-annihilation process is impossible, and thus QMF
is stable. This means that the topological charge associated
with the global stability of MFs is related to the parity of the
winding number of MFs in a BZ quadrant, which is nothing
but the Berry phase.
A more careful consideration, however, shows that the
Berry phase itself cannot explain the global stability of QMF.
To determine the stability of MFs, one can consider the Berry
phase Φk01/4 computed along the path Γ → k0 → R4k0 → Γ
enclosing a quarter of MFs as shown in Fig. 4(b), where k0 in-
dicates an arbitrary momentum, and Γ = (0, 0). While Φk01/4
captures the local stability of MFs located at generic momenta
enclosed by the path, it is not well-defined in a special situa-
tion where all MFs are merged at a C4z-invariant momentum,
say Γ point for convenience, as shown in Fig. 4(c). To confirm
the stability of MFs in this situation, we need a topological in-
variant defined on a circle surrounding Γ point. As shown in
Methods, their Z2 topological charge takes the following form
Q4 =
i
pi
log detD(k0) +
1
pi
∫ R4k0
k0
dk ·A(k), (8)
where A(k) =
∑
n∈occ 〈unk|∇k|unk〉 is the abelian Berry
connection in which occ and unk denote the occupied bands
and the eigenstates of the BdG Hamiltonian, respectively.
Dmn(k) = 〈umRnk|Cn|unk〉 indicates a matrix element of
Cn operator. Q4 is independent of the initial point k0 on
the loop. While Q4 can take any value (modulo two, due
to the logarithm) in general, it is quantized when additional
time reversal symmetry is there. One way to see its Z2 quan-
tization is to take a real gauge where C2zT |unk〉 = |unk〉.
In this gauge, the abelian Berry connection vanishes, and
detD = ±1 because D is an orthogonal matrix. Hence
Q4 = 0 or 1. Q4 = 0 indicates that a loop can be contin-
uously deformed to the Γ point without closing the gap. This
is because Q4 = 0 when it is evaluated at the Γ point with
a gapped spectrum, which follows from detD(Γ) = 1 due
to the Kramers degeneracy. Therefore, Q4 = 0 corresponds
to the trivial surface spectrum, whereas Q4 = 1 indicates the
surface anomaly. One can confirm this by noting that Q4 cap-
tures the representation of the C4z operator at the Γ point. Let
us consider the case with δH∆ = 0, where all MFs merge
at the Γ point. In this case, HBdG has a block-diagonalized
form, in which the 2 × 2 block with τz ± 1 has the form
H = −µ ± (kxσx + kyσy). As shown in Methods, for a
two-band Hamiltonian H = −µ ± (kxσx + kyσy), the rep-
resentation C4z = (−1)se−ipi2 σz gives Q4 = s. Accordingly,
for the 4× 4 Hamiltonian HBdG, two distinct representations
C4z = e
−ipi2 σz andC4z = τze−i
pi
2 σz giveQ4 = 0+0 = 0 and
Q4 = 0 + 1 = 1, respectively. From our analysis of the mass
term above, we see that Q4 = 1 indeed indicates the global
stability of QMF.
We note that a QMF realized by odd-C4 pairing accompa-
nies gapless Majorana hinge states between gapped side sur-
faces, as shown in Fig. 1. The appearance of hinge states can
be attributed to the d-wavelike symmetry of the pairing func-
tion in real space (See Methods).
Classification table.— Table I summarizes our topological
classification of rotation-protected Majorana surface states.
There are four types of Majorana surface states indicated by
ZU(1), ZHS, (Z2)DC, and (Z2)Q. All these states can ex-
ist only when time reversal T symmetry is present because
point nodes or contractible loops on the surface BZ cannot be
protected by P and Cn symmetries only. Here, ZU(1) stands
for the total U(1) winding number of Majorana fermions pro-
7tected by chiral symmetry. This invariant is nontrivial only
for even-Cn pairing, because otherwise Cn symmetry trivial-
izes the total winding number. The winding number is also
trivialized by time reversal symmetry when T 2 = P 2 (See
Methods). The remaining three anomalous surface states char-
acterized by ZHS, (Z2)DC, (Z2)Q are new surface states pro-
tected by Cn symmetry, which correspond to HSMFs, DCM-
FLs, QMFs, respectively, on Cn-invariant surfaces. While
HSMFs can appear with even-Cn pairing, DCMFL and QMF
can appear with odd-C2,6 and odd-C4 pairings, respectively,
in spin-orbit coupled systems (the first row in Table I). While
we focus on the superconductivity in spin-orbit coupled sys-
tems, spin-SU(2)-symmetric systems, and spin-polarized sys-
tems in Table I, our approach can be applied to other sym-
metry classes as well. We provide an extended classification
table in SM, which includes both linear and projective repre-
sentationCnn = ±1 for AZ classes DIII, CI, CII, and BDI with
the assumption of the commutation relation CnT = TCn.
Lattice model.— To demonstrate our theory, we consider
the following model Hamiltonian describing a doped Z2 TI or
Dirac semimetal
h1 = −µ+ f1ρz + f2ρxσz + f3ρy + f4ρxσx + f5ρxσy,
(9)
where ρi=x,y,z and σi=x,y,z are Pauli matrices for orbital
and spin degrees of freedom, respectively, and f1 = 4 −
2(cos kx + cos ky) − cos kz , f2 = sin kx, f3 = − sin ky ,
f4 = 3 sin kz(cos ky − cos kx) + m0 sin kz , and f5 =
− sin kz sin kx sin ky +m1 sin kz . It is symmetric under time
reversal T = iσyK and mirror operationsMx : (x, y, z) →
(−x, y, z), My : (x, y, z) → (x,−y, z), Mz : (x, y, z) →
(x, y,−z), which are represented by Mx = iσx, My =
iρzσy , and Mz = iσz , respectively. This model describes
a C4z symmetric Dirac semimetal when m0 = m1 = 0.
Nonzero m0 and m1, which breaks C4z , Mx, and My sym-
metries, opens a gap at bulk Dirac points leading to a Z2
TI [63, 64].
We first consider even-C2z pairing. When µ is small, since
the k = (0, 0, kz) line is the only C2-invariant line crossing
the Fermi surface, we need a 1D TSC with w+ = −w− = 2
along the k = (0, 0, kz) line to observe a HSMF. If we
choose a pairing function ∆(k) = ∆e sin kzσz , the result-
ing BdG Hamiltonian along the k = (0, 0, kz) line isHBdG =
−µτz−cos kzρzτz+∆e sin kzσzτx, where τx,yz are Pauli ma-
trices for particle-hole indices, and m0 = m1 = 0 is assumed
for simplicity. Since HBdG is diagonal in the spin and orbital
indices, it can be labelled as Hsρ,sσBdG where sρ and sσ indi-
cate the eigenvalues of ρz and σz , respectively. Then, one can
show that each 2 × 2 matrix Hsρ,sσBdG has the winding number
wsρ,sσ = −sρsσ for S = τy , which gives w+ = −w− = 2
for C2z = −iρzσz . The associated surface spectrum with a
spin-3/2 fermion at (kx, ky) = (0, 0) on theC2z-invariant sur-
face is shown in Fig. 5(a). When other even-C2 pairing terms
dominate, a nodal superconductor or a topologically trivial su-
perconductor is obtained [See SN].
On the other hand, in the case of odd-C2 pairing, since
the presence of a single Dirac fermion on the surface is the
key ingredient for observing a DCMFL, any odd-C2 pairing
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FIG. 5. Boundary Majorana surface states in lattice models. a.
Spin-3/2 Majorana fermion obtained from Eq. (9) with µ = 0.5,
m0 = m1 = 0 and even-C2 pairing ∆e = 0.5. b. A dou-
bly charged Majorana Fermi line on a C2 invariant surface obtained
from Eq. (9) with µ = 0.5, m0 = m1 = 0.3 and odd-C2 pairing
∆o = 0.3. c. The helical hinge state (red color) for odd-C2 pair-
ing obtained from the same Hamiltonian used in b. d. A quartet of
spin-1/2 Majorana fermions obtained from Eq. (10) with µ = 0.2,
M = 1.5, λSO = 0.1, and ∆x2−y2 = ∆xy = 0.5. Associated
hinge states (red color) are shown in e. In e, an additional pairing
term δ∆ = 0.1(sin kxρxσy + sin kyρxσx) is added to open the gap
on the side surfaces. The splitting of the fourC4z-related hinge spec-
tra and the small gap at zero energy are finite-size effects, which get
reduced exponentially as the size of the system grows. Spectra in a,
b, and d are calculated with 40 unit cells along the z direction and
the periodic boundary condition along the x, y directions. c and e are
calculated with 20 × 20 unit cells along the x and y directions and
the periodic boundary condition along the z direction.
can induce a DCMFL, thus realizing a C2-protected TSC as
long as the bulk gap fully opens. The surface spectrum for
∆(k) = ∆oρx is shown in Fig. 5(b). Here, we need both
nonzero m0 and m1 to obtain a fully gapped TSC, because
otherwise there appear Dirac points protected by either C4
symmetry [63, 64] or mirror symmetry [65]. We note that even
if the surface Dirac cone is buried in the bulk states, since the
bulk states do not contribute to pi-Berry phase, a DCMFL can
still be observed. In addition to DCMFLs, we obtain helical
Majorana hinge states on side surfaces as shown in Fig. 5(c).
To describe an odd-C4 TSC with QMF, we need a model
whose Fermi surface does not cross C4-invariant lines, be-
cause otherwise the bulk gap does not fully open for odd-C4
pairing. Hence, instead of Eq. (9), we consider the following
model Hamiltonian for a doped Z2 TI,
h2 =− µ+ sin kzρy + (M −
∑
i=x,y,z
cos ki)ρz
+ λSO(sin kxρxσy − sin kyρxσx), (10)
where ρi=x,y,z (σi=x,y,z) are the Pauli matrices for orbital
(spin) degrees of freedom, and λSO indicates spin-orbit cou-
pling. h2 is symmetric under T = iσyK, Mx = iσx,
My = iσy , Mz = iρzσz , and C4z = e−ipi4 σz . When
λSO = 0, h2 describes a spin-SU(2) symmetric nodal line
semimetal with a nodal loop along sin2 kx+sin2 ky = M −1
on the kz = 0 plane when 1 < M < 3. If we take |µ| larger
than the gap induced by λSO, the system has a torus-shaped
8Fermi surface, which is a characteristic of nodal line semimet-
als. Since this Fermi surface does not cross a C4z-invariant
line, a fully gapped TSC can be obtained by introducing an
odd-C4z pairing. If we consider a d-wave pairing ∆d(k) =
∆x2−y2(cos ky−cos kx)ρyσz+∆xy sin kx sin kyρx, the bulk
gap fully opens, and a QMF appears on the surface. When
other odd-C4 pairing terms are considered, either a nodal
superconductor or a topologically trivial superconductor can
also be obtained. The surface spectrum for the d-wave pairing
is shown in Fig. 5(d), where one can clearly observe a QMF on
the C4z invariant surface. However, our d-wave pairing does
not open the gap on the side surfaces. This is because ∆d(k),
which is odd under C4z , is also odd under Mz , so that there
appear gapless Majorana surface states protected by Mz sym-
metry on the side surfaces. Therefore, to open the side surface
gap and observe the hinge states, we add an additional odd-C4
pairing term δ∆(k) ∝ sin kxρxσy+sin kyρxσx which is even
under Mz . The corresponding energy spectrum of the in-gap
hinge states is shown in Fig. 5(e).
Discussion.— Let us consider the effect of additional in-
version I symmetry. Although I symmetry is broken on each
Cn-invariant surface, it affects the surface states by constrain-
ing the bulk topology of superconductors. When the pairing
function is invariant under I (i.e., even-parity), it is hard to re-
alize rotation-protected TSCs. In the case of even-Cn pairing,
the even-parity condition forces each Cn eigensector to have
a trivial winding number along the Cn-invariant line, and thus
HSMFs cannot be realized. On the other hand, in the case of
odd-C2 pairing with even-parity, the superconducting state in
weak pairing limit has point (line) nodes when the bulk Fermi
surface crosses aC2-invariant line (IC2-invariant plane) in the
normal state [66–68]. Only odd-C4 pairing does not have such
a constraint from the even-parity pairing.
In contrast, odd-parity pairing is compatible with rotation-
protected TSCs for both even- and odd-Cn pairings, consis-
tent with our model calculations in Fig. 5. According to pre-
vious studies [11, 38, 69], an odd-parity pairing in doped Z2
topological insulators leads to second-order TSCs with gap-
less Majorana fermions along hinges forming an odd number
of closed loops on the boundary. In the presence of an addi-
tional Cn symmetry, the Cn-invariant surfaces should be gap-
less because otherwise the global configuration of the hinge
states cannot form an odd number of closed loops on the
whole boundary. This predicts a DCMFL for odd-C2 pairing,
because it is the only possible stable surface state on theC2 in-
variant surface. For even-Cn pairing, HSMF can appear when
the total winding number becomes zero due to other symme-
tries. This analysis shows that HSMFs or DCMFLs are gen-
erally expected from odd-parity superconductivity in doped
Z2 topological insulators with rotational symmetry. Similar
surface states appear in the superconducting state of doped
Dirac semimetals while the bulk superconducting gap does
not open. We note that a DCMFL was observed in a model of
iron-based superconductors, described by a Dirac semimetal
with an odd-parity pairing, although its doubly charged nature
was not recognized [37].
Summary.— To sum up, we propose two different ways
of generating anomalous Majorana boundary states. One is
through the anomalous representation of crystalline symme-
try, which mixes the particle and hole degrees of freedom. The
other is through nodal structures carrying multiple topologi-
cal charges. By carefully investigating the stability of gapless
Majorana surface states, we obtain the classification table for
the anomalous Majorana surface states of 3D TSCs protected
by rotational symmetry shown in Table I, which is consistent
with the related preceding works [20, 22, 58, 59]. We believe
that our theory provides a useful guide for the complete clas-
sification of TCSCs and understanding their bulk-boundary
correspondence.
METHODS
A. Spin-rotation-symmetric BdG Hamiltonian
Let us investigate the effect of spin rotation symmetry on
the BdG Hamiltonian following Ref. [62]. When a system
has a spin-rotational symmetry around the z axis, it is more
effective to use the BdG Hamiltonian defined for each spin-z
eigensector separately. If we assume a single pairing, the BdG
Hamiltonian for the spin up sector has the following form
H↑↑BdG(k) =
(
h↑↑(k) ∆↑↓(k)
(∆↑↓(k))† −(U˜T )tht↓↓(−k)U˜∗T
)
, (11)
where we use that UT = iσy ⊗ U˜T . Here, the correspond-
ing Nambu spinor is Ψˆ↑ = (cˆ↑k, cˆ
†
↓,−kU˜T )
t. The spin-up
BdG Hamiltonian belongs to the class A because there is no
nonspatial symmetry constraint. If time reversal symmetry
is present, the symmetry constraint U˜T [H
↓↓
BdG(k)]
∗U˜−1T =
H↑↑BdG(−k) is identical to the chiral symmetry
τyH
↑↑
BdG(k)τ
−1
y = −H↑↑BdG(k), (12)
where τy is a Pauli matrix for the particle-hole indices. There-
fore, a spin-z-preserving superconductor with time reversal
symmetry belongs to the AZ symmetry class AIII.
Let us now consider the full spin SU(2) rotation symmetry.
Since spin SU(2) rotation symmetry imposes that h↑↑(k) =
h↓↓(k), we can define the spinless BdG Hamiltonian as
H˜BdG(k) ≡ H↑↑BdG(k) =
(
h˜(k) ∆˜(k)
∆˜†(k) −(U˜T )th˜t(−k)U˜∗T
)
,
(13)
where we define h˜(k) ≡ h↑↑(k) = h↓↓(k) and ∆˜(k) ≡
∆↑↓(k). Here, compared to the case without spin rotation
symmetry, we have a reversed sign for the condition that the
pairing function satisfy: ∆˜(k) = +U˜†T ∆˜
t(−k)U˜∗T . Accord-
ingly, the particle-hole operator for the spinless BdG Hamil-
tonian takes the form
P˜ =
(
0 U˜T
−(U˜T )t 0
)
K, (14)
which satisfy P˜ 2 = −1. Thus, a spin-SU(2)-symmetric BdG
Hamiltonian is in the class C. When time reversal symmery is
9present, the combination of time reversal and a spin pi-rotation
defines effective spinless time reversal symmetry satisfying
T˜ 2 = +1, so the BdG Hamiltonian belongs to the class CI.
Up to now, we assume spin-singlet pairing. In spin-
polarized normal metals, however, triplet pairing should oc-
cur, so the relevant BdG Hamiltonian takes the form
H↑↑BdG(k) =
(
h↑↑(k) ∆↑↑(k)
(∆↑↑(k))† −(U˜T )tht↑↑(−k)U˜∗T
)
, (15)
where we suppose that spins are polarized along the ↑ direc-
tion. It has particle-hole symmetry under
P˜ =
(
0 U˜T
(U˜T )
t 0
)
K, (16)
where P˜ 2 = 1. While the spin polarization breaks time rever-
sal symmetry and spin rotation symmetry individually, there
remains a symmetry under the combination of time reversal
and a spin rotation around the axis perpendicular to the spin-
ordering axis. Since this effective time reversal T˜ satisfies
T˜ 2 = +1, the BdG Hamiltonian belongs to the class BDI.
B. Berry phase on time-reversal-invariant loops
In this section, we show that the Berry phase on a time-
reversal-invariant loops is always trivial in spinless systems
with time reversal symmetry.
Before we study the Berry phase around a time-reversal-
invariant loop, let us first summarize the definition and some
useful properties of the abelian Berry connection A(k) for
the occupied statess (i.e., E < 0 states in the Bogoliubov-de
Gennes formalism). The abelian Berry connection is defined
by
A(k) =
∑
n∈occ
〈unk|i∇k|unk〉 . (17)
When the matrix element of time reversal operator at k is
given by
Bmn(k) = 〈um−k|T |unk〉 , (18)
which satisfies
B(−k) = (−1)sTBt(k) (19)
when T 2 = (−1)sT = ±1, the Berry connetion satisfies the
following constraint
A(k) = A(−k)− i∇k log detB(k). (20)
Now we suppose that the band gap is open on a time-
reversal-invariant loop l = l0 + T l0, where l0 is an arc whose
starting- and end-points are nonzero k0 and −k0. Then, the
Berry phase Φl on the loop l is
Φl =
∮
l
dk ·A(k)
=
∫
l0
dk ·A(k) +
∫
Tl0
dk ·A(k)
=
∫
l0
dk · [A(−k)− i∇k log detB(k)] +
∫
Tl0
dk ·A(k)
= −i
∫ −k0
k0
dk · ∇k log detB(k)
= −i log
[
detB(−k0)
detB(k0)
]
= −i log [(−1)NoccsT ]
= piNoccsT mod 2pi, (21)
where we use in the fourth line that
∮
l0
dk · A(−k) =
− ∮
Tl0
d(Tk)·A(Tk) = − ∮
Tl0
dk·A(k),Nocc is the number
of the occupied states on the loop and use Eq. (19) in the sixth
line.
Our derivation shows that in spinless systems where T 2 =
1, the Berry phase around a time-reversal-invariant loop is
always zero (mod 2pi). Thus, band crossing carrying Berry
phase pi (in particular, a 2D Dirac point) cannot appear at
a time-reversal-invariant momentum (TRIM) in spinless sys-
tems.
Alternatively, the same conclusion can be drawn for a 2D
Dirac point by investigating the Hamiltonian. We consider
the most general form of an effective two-level Hamiltonian
around a TRIM (k = 0).
H(k) = µ(k) + f1(k)σx + f2(k)σy + f3(k)σz. (22)
If we take a basis where T = K without loss of generality, we
find
µ(kx, ky) = µ(−kx,−ky)
f1,3(kx, ky) = f1,3(−kx,−ky)
f2(kx, ky) = −f2(−kx,−ky). (23)
Since only f2 is an odd function of k, while a Dirac point
at a TRIM requires two independent components of f =
(f1, f2, f3) to be odd in k, we cannot achieve a Dirac point
even after considering any other symmetry.
C. Symmetry of the winding number.
Here, we study the symmetry properties of the 1D and 3D
winding numbers under crystalline and time reversal symme-
tries.
1. Point group symmetries
Let G be a point group symmetry operator. Then, the 3D
winding number in G-symmetric systems satisfies
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w3D =
1
48pi2
∫
BZ
d3kijkTr
[
SH−1∂kiHH
−1∂kjHH
−1∂kkH
]
=
1
48pi2
∫
BZ
d3kijkTr
[
(GSG−1)H−1(Gk)∂kiH(Gk)H
−1(Gk)∂kjH(Gk)H
−1(Gk)∂kkH(Gk)
]
=
1
48pi2
∫
BZ
d3kijk (detG) Tr
[
(GSG−1)H−1∂kiHH
−1∂kjHH
−1∂kkH
]
Gk
=
(detG)
48pi2
∫
BZ
d3kijkTr
[
(GSG−1)H−1∂kiHH
−1∂kjHH
−1∂kkH
]
= ± (detG)w3D. (24)
where we used that the Hamiltonian H is G-symmetric, and
the sign in the last line indicates the G-parity of the pairing
function UG∆(k)U−1G = ∆(RGk), where RGk is the natural
transformation of k under G. It shows that w3D = 0 for odd-
Cn pairing, even-M , or even-I pairing.
This is consistent with the constraint on the sum of winding
numbers carried by MFs on G-invariant surfaces for G = Cn
or M . Let l be a G-invariant (invariant up to orientation re-
versal) loop in a 2D Brillouin zone. The winding number wl
around the loop then satisfies
wl =
i
4pi
∮
l
dk · Tr [SH−1∇kH]
=
i
4pi
∮
l
dk · Tr [SG−1H−1(Gk)G∇kG−1H(Gk)G]
=
i
4pi
∮
l
dk · Tr [(GSG−1)H−1(Gk)∇kH(Gk)]
=
i
4pi
∮
G·l
d(Gk) · Tr [(GSG−1)H−1(Gk)∇GkH(Gk)]
=
i
4pi
(detG)
∮
l
dk · Tr [(GSG−1)H−1∇kH]
= ± (detG)wl, (25)
where we use that
∮
G·l = (detG)
∮
l
in the fifth line. Since
wl = 0 for anyG-invariant loop in the case of odd-Cn or even-
M pairing, the total winding number in the surface Brillouin
zone should be zero.
Let us also consider the 1D winding number w1D defined
on a noncontractible loop, which is a 1D Brillouin zone.
w1D =
i
4pi
∫
1D BZ
dkTr
[
SH−1∇kH
]
. (26)
We have
w1D = ±sGw1D, (27)
where the sign in fron of sG captures the G-parity of the pair-
ing function, and sG = ±1 is defined by Gk = sGk.
2. Time reversal symmetry
Similarly, one can show that for time reversal symmetry,
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w3D =
1
48pi2
∫
BZ
d3kijkTr
[
SH−1∂kiHH
−1∂kjHH
−1∂kkH
]
=
1
48pi2
∫
BZ
d3kijkTr
[
ST−1H−1(−k)∂kiH(−k)H−1(−k)∂kjH(−k)H−1(−k)∂kkH(−k)T
]
= − 1
48pi2
∫
BZ
d3kijkTr
[
(U∗TS(U
∗
T )
−1)
(
H−1∂kiHH
−1∂kjHH
−1∂kkH
)∗]
−k
=
{
− 1
48pi2
∫
BZ
d3kijkTr
[
(UTS
∗U−1T )H
−1∂kiHH
−1∂kjHH
−1∂kkH
]
−k
}∗
=
{
− 1
48pi2
∫
BZ
d3kijkTr
[
(T−1ST )H−1∂kiHH
−1∂kjHH
−1∂kkH
]
−k
}∗
= − 1
48pi2
∫
BZ
d3kijkTr
[
(T−1ST )H−1∂kiHH
−1∂kjHH
−1∂kkH
]
. (28)
Note that the requirement S2 = 1 needed for the above
expression of the winding number is satisfied when we define
S as
S = isT+sCTC, (29)
with the convention TC = CT , where T 2 = (−1)sT and
C2 = (−1)sC . Therefore,
T−1ST = (−1)sT+sCS. (30)
Thus, we have
w3D = −(−1)sT+sCw3D. (31)
This shows that the winding number is trivial in the classes
BDI and CII where (−1)sT+sC = +1. One can also derive
wl = −(−1)sT+sCwl. (32)
In contrast, we have
w1D = +(−1)sT+sCw1D, (33)
such that the winding number in the 1D Brillouin zone is triv-
ial in the classes DIII and CI. More generally, if we consider
a Cn-invariant line, the winding number wλ1D for each eigen-
sector of Cn rotational symmetry with eigenvalue λ satisfies
wλ1D = +(−1)sT+sCwλ
∗
1D. (34)
D. Majorana Kramers pairs in spin-orbit coupled 2D systems.
Here, we show the emergence of Majorana Kramers pairs
on the boundary of superconductors obtained by odd-Cn=2,4,6
pairing in doped 2D Z2 topological insulators. To investigate
the boundary states, let us begin with a low-energy effective
Hamiltonian of the Z2 topological insulator.
h(k) = −µ+Mρz + kxρxσz + kyρy, (35)
where ρi=x,y,z and σi=x,y,z are the Pauli matrices for the or-
bital and spin degrees of freedom. It is symmetric under
T = iσyK, Cn = e−ipinρzσz . (36)
The corresponding Bogoliubov-de Gennes (BdG) Hamilto-
nian has the form of the doubled Z2 topological supercon-
ductor.
HBdG(k) = Mτzρz + kxτzρxσz + kyτzρy
= MΓ1 + kxΓ2 + kyΓ3, (37)
where τi=0,x,y,z are Pauli matrices for the Nambu space, and
we introduce 8× 8 mutually anticommuting Gamma matrices
Γ1 = τzρz (+,−,+,+),
Γ2 = τzρxσz (−,+,−,−),
Γ3 = τzρy (−,+,−,−),
Γ4 = τzρxσx (−,+,−,−),
Γ5 = τzρxσy (−,+,−,−),
Γ6 = τx (+,−,+,−),
Γ7 = τy (+,+,+,−), (38)
where the four signs show their commutation (+) or anticom-
mutation (−) relations with
T = iσyK,
C = τyσyK,
Ceven2z = −iρzσz,
Codd2z = −iτzρzσz, (39)
in order. One can see that a superconducting gap ∆Γ6 is al-
lowed for even-C2 pairing, which shows that the bulk topol-
ogy is trivial. However, C4 symmetry forbids the bulk mass
term because Codd4z = τze
−ipinρzσz anticommutes with it.
Therefore, the mass term is prohibited in the translation-
invariant bulk for any odd-Cn=2,4,6 pairing. However, ∆Γ6
can describe the pairing gap on the boundary. We can see
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this by allowing the position dependence of the pairing in real
space [24, 25].
H(k, r) = M(r)Γ1 + kxΓ2 + kyΓ3 + ∆(r)Γ6. (40)
Here, M(r) is the bulk mass term which approaches to a con-
stant value deep in the bulk and to zero on the boundary, and
∆(r) is the surface pairing function that is nonzero only near
the boundary, where translation symmetries are broken. Since
∆(Rnr) = −∆(r) for odd-Cn pairing, the pairing gap has to
close at n (mod 2n) points on the boundary. These are the lo-
cations where Majorana zero modes appear (often called Ma-
jorana corner modes [24, 25] because they usually appear at
corners of the system [70]). The zero modes form a Kramers
pair at each site because of time reversal symmetry. This
shows that odd-Cn pairing on the helical edge states of a Z2
topological insulator induces Majorana Kramers pairs on the
boundary.
E. Topological charges of a quartet of MFs for odd-C4 pairing
Here we explain the topological invariant protecting the
quartet of Majorana fermions. While such a configuration
appears in C4-symmetric systems in ordinary superconduc-
tors, a similar configuration with two and six surface nodal
points can appear in C2- and C6-symmetric topological crys-
talline insulators or spin-orbit coupled C2- and C6-symmetric
superconductors with exotic particle-hole symmetry where
P 2 = −1 [See SN]. With this in mind, we consider general
Cn=2,4,6-symmetric systems. Since particle-hole symmetry
does not play an important role here, the results here can be
applied to the surface states of topological crystalline insula-
tors also.
Before we study the topological invariant around a Cn-
invariant loop, let us first see howCn symmetry constrains the
abelian Berry connection A(k) for the occupied states. When
the matrix element of Cn operator is given by
Dmn(k) = 〈umRnk|Cn|unk〉 , (41)
the Berry connetion satisfies the following constraint
A(k) = R−1n ·A(Rnk) + i∇k log detD(k). (42)
In spin-orbit coupled systems with both Cn=2,4,6 and time
reversal symmetries, we can define a Z2 topological invariant
Qn over a 1/n segment of a Cn-invariant loop. We consider
the Berry phase around a closed loop connecting Γ = (0, 0),
k0, and Rnk0 for a nonzero k0.
Φk01/n
=
∫ k0
Γ
dk ·A(k) +
∫ Rnk0
k0
dk ·A(k) +
∫ Γ
Rnk0
dk ·A(k)
=
∫ k0
Γ
dk ·A(k) +
∫ Rnk0
k0
dk ·A(k) +
∫ Γ
k0
dk ·R−1n A(Rnk)
=
∫ k0
Γ
dki∇k log detD(k) +
∫ Rnk0
k0
dk ·A(k)
= piQk0n − i∇k log detD(Γ), (43)
where we define Qk0n on a line connecting k0 and Rnk0:
Qk0n =
i
pi
log detD(k0) +
1
pi
∫ Rnk0
k0
dk ·A(k). (44)
This quantity does not depend on the choice of the initial
point k0: Qk′0 − Qk0n = 0 on a given loop. Let us thus
omit the subscript k0 for Qk0n . Also, Qn is gauge invari-
ant under |unk〉 → Umn|umk〉, which transforms D and A
by D(k) → U−1(Rnk)D(k)U(k) and A(k) → A(k) +
i∇k log detU(k).
We can see that Qn is quantized in the presence of time
reversal symmetry by taking a real gauge where C2T |unk〉 =
|unk〉. In a real gauge, A(k) = 0 and D(k) belongs to an
orthogonal group such that detD = ±1. From this, it follows
that Qn = ±1 in a real gauge. Moreover, since Qn is gauge
invariant,
Qn = ±1 (45)
holds in any gauge.
As is clear from the definition, Qn is closely related to
Φk01/n, and they are equivalent for the purpose of studying the
local stability of gapless points within the 1/n sector of the
Brillouin zone. In fact, they are identical when the spectrum
is gapped at Γ because detD(Γ) = 1 due to Kramers degen-
eracy. However, when we study the global stability of gapless
surface states protected by Cn symmetry, we need to use the
invariant Qn rather than the quantized Berry phase Φk01/n. It
is because Φk01/n cannot be defined in the case where all the
gap closing points gather at the Γ point. To see whether such
a critical gapless point at Γ can be gapped or not, we have
to look at Qn, which is well-defined on a fully gapped loop
surrounding Γ.
This Z2 invariant Qn is the topological invariant carried
by the gapless surface states of Cn=2,4,6-protected topolog-
ical insulators proposed by Fang and Fu [19], while the au-
thors did not figure out this topological invariant and relied
on the low-energy effective Hamiltonian to study the protec-
tion of the gapless states. Let us take the real gauge such that
Qn = (i/pi) log detD(k0). If we contract the loop where
Qn is defined to a TRIM kTRIM, we always have Qn = 0
in lattice systems because of the Kramers degeneracy, im-
posing detD(kTRIM) = 1. Thus, Qn = 1 reveals the ro-
tation anomaly on the surface of topological crystalline in-
sulators or superconductors. We remark that, while gapped
spin-orbit coupled lattice systems always have Qn = 0 be-
cause detD = 1 by time reversal symmetry, Qn can change
by a band inversion in spinless systems. So, there is no surface
anomaly due to nontrivial Qn in spinless systems.
Our invariant Qn is equivalent to the Wilson line invariant
defined to capture fragile topology in C6-symmetric systems
in Ref. [71]. Let us define the Wilson line operator for the
occupied states on the line connecting k2 and k1 by
Wk2←k1 = lim
δ→0
Pk2Pk′−δ...Pk+δPk1 , (46)
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where
Pk =
∑
n∈occ
|unk〉〈unk| (47)
is the projection to the occupied states at momentum k. Since
the projection satisfies PRnk = Cn
∑
n∈occ |unk〉〈unk|C−1n
in Cn-symmetric systems, the Wilson line has the following
property.
WRnk2←Rnk1 = CnWk2←k1C
−1
n (48)
Thus, the Wilson loop operator over a Cn-invariant loop with
initial point k0 is given by
Wk0←k0 = Wk0←Cn−1n k0 . . .WRnk0←k0
= Cn−1n WRnk0←k0C
−(n−1)
n . . .WRnk0←k0
= (−1)sT (C−1n WRnk0←k0)n, (49)
where we use Cn−1n = (−1)sTC−1n . Then, if we define
WCnmn ≡ 〈umk0 |CnWRnk0←k0 |unk0〉 , (50)
is independent of k0 and gauge invariant up to similarity trans-
formations, such that its spectrum is gauge invariant. This
matrix is related to Qn by
eiQn = detWCn . (51)
Qn can be exactly calculated analytically in the Dirac point
limit. Let us first begin with a twofold degenerate Dirac point
at the Γ point described by
hm = k
(
0 e−imθ
eimθ 0
)
. (52)
Af half filling, one state is occupied at nonzero k, and it takes
the form
|umocc〉 =
1√
2
(
1
−eimθ
)
. (53)
hm is symmetric under the n-fold rotation
Cs,mn = (−1)s exp
(
−impi
n
σz
)
. (54)
Namely, Cs,mn hm(k, θ)(C
s,m
n )
−1 = hm(k, θ + pi/n). The
matrix element of the rotation operator is given by
Ds,mn (k0) = 〈umRnk|Cs,mn |umk 〉 = (−1)se−piim/n. (55)
Thus,
i
pi
log detDs,mn (k0) = −s+
m
n
. (56)
On the other hand, the Berry connection is given by
Aθ(k) = 〈u±occ|i∂θ|u±occ〉 = −
m
2
,
Ak(k) = 〈u±occ|i∂k|u±occ〉 = 0, (57)
such that
1
pi
∫ Rnk0
k0
dk ·A(k) = −m
n
. (58)
We have
Qn = s mod 2. (59)
Thus, in the case of fourfold Dirac point formed by two iden-
tical twofold Dirac points,
h4×4 = hm ⊕ hl, (60)
the rotation-protected topological charge is given by
Qn = s+ s
′ mod 2, (61)
where s and s′ are defined for the rotation operator acting
on hm and hl, respectively. It is consistent with the analysis
based on the low-energy effective Hamiltonian in Ref. [19].
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